Let Ω ⊂ R be an open set and X (Ω) be any rearrangement invariant function space close to L (Ω), i.e. X has the -scaling property. We prove that each homeomorphism which induces the composition operator → • from W 1 X to W 1 X is necessarily a -quasiconformal mapping. We also give some new results for the sufficiency of this condition for the composition operator. 
Introduction
Let Ω
1 Ω 2 ⊂ R be domains and : Ω 1 → Ω 2 a homeomorphism. Given a function space X we would like to characterize mappings for which the composition operator T , T ( ) = • , maps X (Ω 2 ) into X (Ω 1 ) continuously. This problem has been studied for many function spaces and one of the most important is the following well-known result: The composition operator T maps W 1 loc (Ω 2 ) into W 1 loc (Ω 1 ) if : Ω 1 → Ω 2 is a quasiconformal mapping [23, 25] , [19, Lemma 5.13] . Moreover, each homeomorphism which maps W 1 loc (Ω 2 ) into W 1 loc (Ω 1 ) continuously is necessarily a quasiconformal mapping up to a reflection. Similarly, it is possible to characterize homeomorphisms for which the corresponding composition operator is continuous from W 1 loc to W 1 loc , these are -quasiconformal mappings [8] (see also [17] ). Under a -quasiconformal mapping we understand a homeomorphism ∈ W 1 1 loc (Ω R ) such that for some constant K the distortion inequality |D ( )| ≤ K |J ( )| holds for a.e. ∈ Ω
For the properties and further applications of -quasiconformal mappings see [1, 6, 15, 19, 23] . Let us note that we do not assume that J ≥ 0 a.e. as usual, i.e. on the right-hand side we have |J |, not J . This does not seem to be an essential restriction since all homeomorphisms that are regular enough satisfy either J ≥ 0 a.e. in Ω or J ≤ 0 a.e. in Ω (see [14] for details), i.e., up to a simple reflection we have the usual definition.
In general one could expect that different function spaces have different classes of morphisms unless the answer is somehow trivial. Surprisingly, this is not the case as many examples indicate. The class of -quasiconformal mappings serves as the best class of morphisms not only for W 1 loc functions but also for other function spaces that are 'close' to W 1 loc . Let us mention, for example, the stability under quasiconformal mappings for the BMO space [22] , fractional Sobolev spacesṀ / , ∈ (0 1], [20, Theorem 1.3 ] (see also [13, 24] ), absolutely continuous functions of several variables AC λ [10] , Sobolev Orlicz space WL log α L [11] or exponential Orlicz space exp L(Ω) in the plane [5] .
Somewhat surprisingly, the class of -quasiconformal mappings does not serve as a suitable class for all function spaces close to W 1 . The proper class of morphisms for WL , = , [12] or for homogeneous Besov spacesḂ / , = , [18] is a more narrow class, the class of bilipschitz mappings.
Our aim is to show that morphisms of W 1 X spaces, where X is an rearrangement invariant function space somehow close to L (i.e. X is -scaling see Definition 1.1), form a subclass of -quasiconformal mappings.
Definition 1.1.
Let X be a rearrangement invariant function space on Ω ⊂ R with the fundamental function φ X (see Preliminaries for the definition). We say that X is -scaling if there exists a constant C satisfying for every M > 0 lim inf 
This covers several known results from [12] and we obtain several new ones. Moreover, we generalize results from [8, 11] , because we do not need to assume that T is continuous or that is differentiable a.e. We also allow T to be an operator between different function spaces. This paper is organized as follows. In Section 2 we recall some basic properties of quasiconformal mappings and r.i. spaces. In Section 3 we prove Theorem 1.2. In Section 4 we apply Theorem 1.2 to obtain some classical results mentioned above and we also present some new results. We also give a new full characterization of morphisms of grand Lebesgue spaces L ) for 1 < < .
Preliminaries
We use the usual convention that C denotes a generic positive constant whose exact value may change from line to line. 
Rearrangement invariant function spaces
We say a Banach function space X is rearrangement invariant (for short r.i.) if for all functions ∈ X and measurable satisfying |{| | > α}| = |{| | > α}| for each α > 0 we have ∈ X , X = X . We say that φ X ( ) is a fundamental function of X if for each 0 ≤ < ∞ and measurable set E such that |E| = we have φ X ( ) = χ E X . We can define the associate space X with the associate norm
If X is an r.i. space then also X is r.i.,
and
For an introduction to the theory of r.i. spaces see [3, Chapters 2.4, 2.5]. We define the space W 1 X (or WX ) as the set
The space W 1 0 X (Ω) is a closure of the space of smooth functions with a compact support in Ω in the space W 1 X .
On -quasiconformal mappings
We will need the following version of the derivative of a composed function (see [17, Theorem 1.3] for the special case = ).
Theorem 2.1.
if we use the convention that D ( ( )) · 0 = 0 even if D does not exist or it is infinity at ( ).
It is easy to see from the definition of -quasiconformal mappings that
and, therefore, each such mapping lies in W 1 ∞ for > . From [17] we know that a -quasiconformal mapping for < satisfies the Lusin (N . From the definition of -quasiconformality we easily get the following lemma.
Lemma 2.2.

Let < ≤ < ∞ or 1 ≤ ≤ < , and let be a -quasiconformal homeomorphism. Then is also -quasiconformal.
Proof. If < ≤ < ∞ then we have that |D | ≤ C a.e. and
Area formula
It is well known that the area formula
holds for every quasiconformal mapping , measurable and measurable set A ⊂ R (see e.g. [15, Theorem 16.13.4] or [19, Remark 6 .1]). Moreover, it is valid for every Sobolev homeomorphism for each Borel function on every set A on which the Lusin condition (N) (i.e. maps subsets of zero measure onto sets of zero measure) holds for (see [16] for details about the (N) condition). It is well known that for each Sobolev mapping : Ω → R we can find a set N such that |N| = 0 and satisfies the Lusin (N) condition on Ω \ N (see e.g. [9] ) and, therefore,
A necessary condition for the stability of the composition operator
In this section we use ideas of [11, 12] . We proved there that a homeomorphism : Ω 1 → R which induces a bounded operator from WL log
Lemma 3.1.
Let Ω ⊂ R and X (Ω) be a rearrangement-invariant function space. Suppose that ∈ X (Ω) is nonnegative and > 0 and let E ⊂ B( ) be measurable sets such that |E | ≥ |B(
for each Lebesgue point ∈ Ω of the function . In particular, we have for each ∈ X (Ω) lim inf
Using the Lebesgue differentiation theorem it can be easily seen that for Lebesgue spaces L , ∈ [1 ∞), we have the equality in (10). This is not true for a general r.i. space X . For each ∈ (1 ∞) and α < 0 we constructed a function in the Orlicz space L log α L such that
a.e. (see [11] ).
If X satisfies lower φ X -estimate, i.e. there exists a constant M ∈ R such that for every choice { } ∈N with disjoint supports we have
then the equality in (10) holds (see [2, 4] for details).
Proof of Lemma 3.1. Fix a Lebesgue point of . Using the definition of the fundamental function, (3) and (4), it is easy to estimate
For each < ( ) we know that is a density point of the set M = { ∈ Ω : ( ) > }.
This holds for every < ( ), therefore, we obtain (9).
We will require further the following lemma.
Lemma 3.2 ([12, Lemma 3.2]).
Let 
Theorem 3.3.
Let Ω 1 Ω 2 be open subsets of R , 1 < ≤ ∞. Suppose that X Y are rearrangement invariant function spaces with equivalent fundamental functions (i.e. φ X ≈ φ Y ) and X is -scaling. Suppose that a homeomorphism
: Ω 1 → Ω 2 induces the bounded operator T : WX (Ω 2 ) ∩ C (Ω 2 ) → W Y (Ω 1 ), then is -quasiconformal.
Proof. Fix a point ∈ Ω
1 which is a point of approximate differentiability of and of approximate continuity and Lebesgue point of D . Moreover, we assume that D ( ) = 0, otherwise there is nothing to prove. Choose ε > 0 and find δ > 0 with the property that for each 0 < < δ we have
Consider ∈ (0 δ) and set
Then we pass to a Borel measurable subset E ⊂ E of full measure such that fulfills the Lusin (N) condition on E. Using Lemma 3.2 we find for = ε|E| a compact set K ⊂ E, an open set G ⊂ Ω 1 and a test function ∈ C ∞ c (Ω 2 ) such that the properties (11) are satisfied. Using the continuity of T and |∇ | ≤ 2, we obtain
As satisfies the Lusin (N) condition on E, we get from (7) that
On the other side, from the last inequality of (11) we get
Because |K | ≥ |E|/(2 + 1) ≥ |B( )|/(4 + 2) we obtain from Lemma 3.1 (E = K ) and (2) that
To prove the main theorem we need the following lemma from [12] . For the convenience of reader we include the proof.
Lemma 3.4.
Let E ⊂ R be a measurable set and : E → [0 ∞] an essentially unbounded measurable function. Then there exists an infinite sequence {U } ∈N of pairwise disjoint open sets in R such that is essentially unbounded on each E ∩ U .
Proof. Using the fact that is essentially unbounded, it is not difficult to find ∈ R and 0 such that
Then we write A = B( ) \ B( +1 ) and set
Proof of Theorem 1.2. We assume that is not -quasiconformal. Our aim is to construct ∈ W
Then the function is essentially unbounded. By Lemma 3.4, there exist pairwise disjoint open sets U ⊂ Ω 1 , = 1 2 , such that is essentially unbounded on each U . We know that is not -quasiconformal on U and hence the assumptions of Theorem 3.3 cannot be satisfied there. It follows that we can construct
We extend the domain of the functions by putting = 0 on Ω 2 \ U . Set 
Applications
In this section we apply Theorem 1.2 to several particular rearrangement invariant function spaces. We show that the theorem generalizes some known results and we obtain several new ones. We also give a sufficient and necessary condition for grand Lebesgue spaces L ) for < .
Example 4.1.
1.
The norm of Lorentz spaces L , for ∈ (1 ∞), is given by
It is easy to see that φ X ( ) ≈ 1/ for every . Therefore, if T maps any L 1 into L 2 then is -quasiconformal. This generalizes the necessary condition for W 1 = WL from [8] and, moreover, we do not need to assume that is differentiable a.e. Our theorem also includes necessary condition from [12] .
For Orlicz spaces L Φ
we can take the Luxemburg norm
then is -quasiconformal. This implies the necessary condition from [11] and, moreover, we do not need to assume that is differentiable a.e.
For the grand Lebesgue space L )
, > 1, we have
see [7] . It is easy to check (2) .
is given by
where are measurable functions. This space is associated to L ) (see [7] ), therefore, we have
when → 0 (see [3, Theorem 5.2] 
then is -quasiconformal. 6. For simplicity assume that |Ω| = 1. Let 1 ≤ < ∞, 1 ≤ ≤ ∞ and α ∈ R, then the norm of Lorentz-Zygmund
where * denotes non-increasing rearrangement of (see [3, Chapter 4, Section 6] for introduction to Lorentz-Zygmund space). Then we have
Unfortunately, -quasiconformality together with -scaling property is not in general sufficient to provide stability of the composition operator. Let > and α < 0 (or < and α > 0), in [11] we found ∈ WL log α L and -quasi-
In [12] it is shown that if = and T maps L to L then is not only -quasiconformal but also bilipschitz! In the following theorem we show that for L , = , the homeomorphism need not be bilipschitz, i.e. the class of morphism is wider. If N is a set of zero measure then using (8) we can conclude that D = 0 a.e. on to L and again we can use the interpolation.
The following theorem gives us together with 3. from Example 4.1 that the class of -quasiconformal mappings serves as the best class of morphisms for grand Lebesgue spaces L ) for < .
